Asymptotic radiative transfer (ART), like diffusion theory, assumes the angular intensity distribution incident at a boundary is identical with that in the depth of the scattering medium. However, the asymptotic intensity profile and accurate attenuation coefficient corresponding to the scattering phase function are used in preference to the P1 approximations of diffusion theory, thereby extending the range of asymptotic radiative transfer to the lowest particle scattering albedoes. Asymptotic calculations for scattering media with refracting boundaries are compared with diffusion theory and accurate radiative transfer data to illustrate this. The error involved can be further reduced by the addition of a suitable boundary transient.
Introduction
The asymptotic approach employs the partial fluxes J + , J -obtained by integrating the angular intensity I(µ) over the forward and backward hemispheres [1, 2] , where µ is the direction cosine with respect to the symmetry axis. In contrast to diffusion analysis, which assumes a mild cosine intensity variation and approximate diffuse attenuation coefficient [3] , the asymptotic intensity distribution I as (µ) valid in the depth of the scattering medium and exact attenuation coefficient (least eigenvalue  corresponding to the scattering phase function p(µ) are used here [4] . The asymptotic calculations yield more accurate results than diffusion theory, they minimize the number of boundary equations compared with other methods, thereby reducing the numerical effort in multilayer calculations, and are applicable over a broad range of scattering albedo 
Partial fluxes
The partial fluxes J + , J -are defined as [1, 2] 
Integrated boundary equations
At a specularly reflecting boundary, the forward intensity I(µ>0) equates to the reflected (backward) intensity I(µ<0) viz. 
and for a diffusely reflecting boundary
where R() is the boundary reflectance, which in general is a function of At a refracting boundary, R() is given by the Fresnel reflectance function for unpolarised light [1] Clearly, the reflected intensity profile I(µ>0) has a 'hole' for µ|m c ,1|, corresponding to low reflectance within the cone defined by the critical angle (Fig 1) . Multiplying eqns (2a, 2b) by dand integrating, we obtain the integrated boundary equations (IBEs) for specular and diffuse reflection respectively 
Illuminated half space
At the boundary of a refracting medium illuminated by a surface source S(µ 0 ), the internal forward intensity I(µ) equates to the specularly reflected backward intensity R(µ)I(-µ) plus the transmitted source intensity concentrated by a factor n 
where the interior and exterior cosines µ, µ 0 are related via Snell's law viz. Thus the integrated boundary equaton (IBE) for the asymptotic intensity I as (µ)A0 g) is enabling the coefficient A 0 and half-space albedo A* to be determined viz.
which can be written symbolically as ( ) ( , ) A* ( , )
S n F n C n l l =
with S(n), F(n,l), C(n,l) defined in eqns (12), (14) below
Dielectric slab
For a dielectric slab of width d = 2a, the asymptotic intensity may be written as 
representing the intensity as the sum of the forward (>0) and backward (<0) asymptotic angular intensities g(µ, ), g(µ, ) with coefficients A and B, where λ is the attenuation coefficient. Applying boundary equations (2) and (5), multiplying by dand integrating
over µ|0,1| we obtain two IBEs (for x = a, a) 
Interface
At an interface between two dielectric scattering media with refractive index ratio n = n 1 /n 2 , the intensity leaving the interface equates to the reflected incident intensity plus the intensity transmitted (and refracted) by the adjoining medium viz.
where m, m' are the cosines in the adjoining media, related as in eq (6a).
The IBEs are formed as above, with I(x, µ), I(x, µ) expressed as in eqn (10), with coefficients A 1 , B 1 , A 2 , B 2 . The IBEs are expressed in matrix form as
with C(n,l), D(n,l), E(n,l), F(n,l) defined as above (eqns (12a,b,c), (14a,b)).
A sample calculation of the flux discontinuity at an interface between two half-spaces with uniform sources is given in Appendix B. 
Multilayers
The interface eqns (15a,b) can be extended to multilayer media, the IBEs at each interface relating the intensity coefficients A k , B k for each layer to those of the adjacent layer. These are solved sequentially via matrix inversion (Appendix C) to fit external boundary conditions e.g. surface sources or free boundaries. Thus for each pair of adjacent layers (k, k+1)
and , 1
Boundary transient
The accuracy of asymptotic theory can be enhanced by the addition of a boundary transient, The diffusion analysis is readily extended to a finite layer i.e. slab geometry viz. 
The diffusion boundary equations at an interface between two refractive scattering media are
where C 0 (n 21 ) is a monotonic function of refractive index ratio n 21 = n 2 /n 1 [1, 5] . Dividing by 
allowing A 2 , B 2 to be expressed in terms of A 1 , B 1 as follows
Interface boundary equations are required for multi-layer analysis, in addition to those for the external surfaces, yielding e.g. a 4x4 matrix for the intensity coefficients of a double layer, analogous to eqn (16) for asymptotic RT theory. The multi-layer diffusion equations can be solved sequentially as above, expressing the coefficients A k+1 , B k+1 of the (k+1)th layer in terms of the coefficients A k , B k of the preceding kth layer [see Appendix C]
Results
The albedo A* of a half-space illuminated by an obliquely incident uni-directional plane wave source is presented in Table I Table III . Note the precise agreement of the diffusion and asymptotic values for v 1 (to 6 significant figures). For v<1, the diffusion error increases as v diminishes, exceeding 100% for v<0.5, the asymptotic error having a maximum value <3% for v0.8-0.9, decreasing thereafter (Fig 4e) .
Calculations with a boundary correction (K-integrals) achieve remarkable accuracy in this case, differing from the RT data by just 2 units in the 5 th decimal [13] . The asymptotic flux density jump at an interface shows closer agreement with the K-integral calculations [5, 13] than diffusion (Table IV, Fig 2) . Results for double-layers with differing refractive index are presented in Tables V, VI and Fig 4f for isotropic illumination, with similar results, the diffusion error exceeding 100% for v<0.5, the asymptotic error remaining below a maximum 2% (v=0.8). This is reduced by 2 orders of magnitude with a suitable boundary correction, as above. However, plots of the internal intensity profiles incident at a refracting boundary increasingly depart from the accurate RT profile, particularly for m<m c i.e. for total internal reflection (Supplement: Boundary flux). While this has little effect on the transmitted light (or the albedo), it does contribute to a significant error in the internal scalar flux (radiance)  at the boundary, even with the K-integral correction. Again intensity profiles for isotropic illumination are much closer to the RT profile, resulting in more accurate results, as above.
Conclusions
From the examples given comparing the performance of asymptotic radiative transfer and diffusion theory, it is clear that the results converge for particle scattering albedo  as the angular intensities become increasingly isotropic, and that asymptotic RT is no more accurate than diffusion theory for scattering albedoes 0.9, errors of occurring in calculations of half-space and slab albedo A* for either. However, diffusion theory diverges increasingly rapidly for lower scattering albedoes, the error exceeding 100% for while the error in asymptotic RT remains below 10% for plane-wave illumination, passing through a broad maximum for 0.8 and diminishing thereafter. Errors are lower for an isotropic source, the maximum albedo error A*3% for 0.8, falling below 1% for .Since both diffusion and asymptotic RT satisfy the same small number of boundary conditions viz.
one for an external surface, two for an interface, four for a double layer, the latter is clearly advantageous for approximate radiative transfer calculations of albedo and diffuse transmittance for media with lower particle scattering albedoes ( to  More accurate results can be achieved by the addition of a suitable boundary correction to the asymptotic angular intensity profile via the method of K-integrals [5] .
Asymptotic analysis employs only low-order matrices with elements determined by the scattering albedo and refractive index, which can be calculated to high accuracy by gaussian (
where λ is the extinction coefficient (least eigenvalue of the characteristic equation),  the particle scattering albedo and f(µ'→µ) the probability of scattering from µˈ to µ, the direction cosines of the incident and scattered photon paths. For isotropic scattering, f(µ'→µ) ≡ ½ and
and λ satisfies the normalisation [5]
For anisotropic scattering, g(µ,) is expanded as a series of Legendre polynomials P n (µ) viz. Table B1 . The coefficients A 1 , A 2 and flux density difference DF for a selection of scattering albedoes are presented in Table B2 1 Table B1 Matrix elements for adjacent half-spaces with uniform internal sources calculated via 128-point gaussian quadrature (N1=N2=64) Table B2 2x2 matrix solutions for adjacent half-spaces with uniform sources v -scattering albedo, M -matrix elements, A -intensity coefficients, T -transmission integrals, DF -scalar flux discontinuity, comparing asymptotic and K-integral results [5] Interface (x k = a k = -a k+1 ) Multilayer diffusion BEs (boundary equations) 
1 1
Multilayer asymptotic IBEs (integrated boundary equations)
Multilayer diffusion solutions
Multilayer asymptotic solutions Table C1 n=1.333333 Table C2   Tables of asymptotic coefficients Table I Half-space albedo a vs angle of incidence. Plane Refractive 'hole' in reflected angular intensity at inner surface boundary (incident profile: continuous, reflected: dashed). Half-space (n = 1.333), plane-wave source, normal incidence, isotropic scattering, =0.99) 
